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The microscopic theory of superconducting (SC) state in the SU{2) slave-boson model is devel- 
oped. We show how the pseudogap and Fermi surface (FS) segments in the normal state develop 
into a d-wave gap in the superconducting state. Even though the superfluid density is of order x (the 
doping concentration), the physical properties of the low lying quasiparticles are found to resemble 
those in BCS theory. Thus the microscopic theory lay the foundation for our earlier phenomenolog- 
ical discussion of the unusual SC properties in the underdoped cuprates. 
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It has become clear in the past several years that the 
underdoped cuprates show many highly unusual proper- 
ties compared to conventional metals/superconductors, 
both in the normal and SC states. The most striking of 
all are the pseudo spin-gap in the normal state and the 
low superfluid density (of order x). The photoemission 
experiments reveal that the pseudogap is of the same 
size and k dependence as the d-wave SC gap. Further- 
more, the pseudogap is essentially independent of doping 
and the SC transition temperature Tc (which is propor- 
tional to x) can be much less then the pseudogap in the 
low doping limit. A phenomcnological model was devel- 
oped to described the above unusual SC properties. |^] 
The model is based on two basic assumptions: A) the 
superfluid density is given by x, and B) the quasiparticle 
(qp) dispersion in presence of an external electromagnetic 
gauge potential has a BCS form: 

Ef\k) = ±VeHk) + A^k)-^- j{k) (1) 

where j{k) is the current carried by the "normal state 
qp" with momentum k. In ref. |^ j is assumed to be 
—evp = —edkS. With these assumptions the model suc- 
cessfully explains the observations that linear tempera- 
ture dependence of the superfluid density is independent 
of X and that Tc ~ a;Ao, a strong violation of the BCS 
ratio. 

It was recently pointed out that in conventional 
BCS superconductors developed out of a Fermi liquid, 
the Fermi liquid correction to the qp current appears, so 
that in general 

j{k) = -eavp . (2) 

For example, if only a single Fourier component of the 
Landau parameter Fis is important, a = 1 + i^is/3, 
but more complicated anisotropic Landau parameters are 
generally possible. With the more general assumption 
Eq. (^, the phenomcnological model now predicts that 



where V2 is the velocity of the d-wave SC qp in the direc- 
tion perpendicular to vp. We have seen that in order to 
agree with experiments, a near the nodes is either exactly 
unity or close to it, and must be independent of x. On 
the other hand, if one attempts to describe the normal 
state of underdoped cuprates by Fermi liquid theory, one 
faces the dilemma that the area of the Fermi surface is 
1 — a; while the spectral weight of the Drude peak (which 
develops into the superfluid density in the SC state) is 
proportional to x. In Fermi liquid theory this can be ac- 
commodated by assuming 1 + Fis/S = X. From Eq. (|) 
we see that within this scenario, the T dependence of ps 
is too small by a factor of = x^ . Thus a proper mi- 
croscopic theory must explain in a natural way why the 
spectral weight is x while a ~ \. We believe this require- 
ment is a central issue in the high Tc problem, and lies 
at the heart of the debate of spin-charge separation 
vs Fermi liquid theory in the normal state. 

In this paper we show that this requirement is sat- 
isfied by the SU(2) slave-boson theory. The slave- 
boson theory was developed to satisfy the constraint of 
no double occupation in the t-J model. The electron is 
decomposed into a fermion and a boson and naturally 
incorporates the physics of spin-charge separation in the 
normal state. The charge is carried by x bosons so that 
assumption A is automatic. The difficulty is that at the 
mean field (MF) level, the SC state is described by the 
condensation of slave bosons and the SC qp dispersion 
is given by the fermion dispersion. Since A couples di- 
rectly only to the bosons, the shift in the qp spectrum 
is reduced and in Eq. (|^), a is less than one. In fact, in 
the traditional [/(I) formulation, a = x and this theory 
faces the same difficulty as Fermi liquid theory. 

We recently introduced a new formulation of the slave- 
boson theory, the SU{2) theory |^,||, which incorporates 
an SU{2) symmetry that is known to be important at 
half- filling. In that case a fermion doublet ip'^ = ('(/'|,'0|) 
was introduced because in the projected subspace, both 
"01 and represent the removal of an up-spin. We ex- 
tended this symmetry to finite x by introducing a boson 
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SU{2) doublet b"^ = (5i,62)- The spin-up and spin- 
down electron operators are given by the SU{2) sin- 
glets C|(i) = -^b^{i)^p{i) , q(i) = -l=b^i)ip{i) where 

■0 = ir'^ip*. The advantage of this formulation is that 
near half-filling, low lying fluctuations which were ig- 
nored in the U{1) formulation are included at the MF 
level. Furthermore, we found that if we go beyond MF 
theory and include an attraction between the fermions 
and bosons, the electron spectral function contains qp- 
like peaks which exhibit a gap near (0, tt) but appear 
gapless in a finite region near (f-,-!), leaving what we 
may term a FS segment. These features are in qualita- 
tive agreement with the photoemission experiments. It 
is then natural for us to extend the same treatment to 
the SC state, and see how the FS segment evolves into 
d-wave SC qp. Then we can study the coupling of these 
qp to A in order to justify assumption B and determine 
whether a = 1 

The SU{2) slave-boson model is described by the fol- 
lowing effective theory at MF level (for details see Ref. 



H!^ean with 



<ij> i 



(V'T,W) 



<ij> i 

where J' = ^, t' = |. The fields ip^ - y^-^.H^^, 
and &^ = {biM) are SU{2) doublets. The MF d- 
wave SC state at T = is described by the following 
ansatz: = -^r^ - Tyr^, U^^^- 



,(3), 



-XT^ + 'H'''^ and 

(i) = ao, a),'''''{i) = 0, - (Vi,0). At higher 

temperatures (T > T^), boson condensation disappears, 
{b{i)) — and Oq (i) — 0; the above ansatz describes a 
normal metallic state with a pseudogap. 

The analysis in Ref. ||] indicates that the SU{2) the- 
ory contains a soft mode which correspond to rotation 
from bi into &2- Such a soft mode was overlooked in the 
?7(1) theory. With the hard core repulsion between the 
bosons, one can show that the magnitude of quantum 
fluctuations of bosons is comparable with the magnitude 
of the condensation. Thus the quantum fluctuations have 
a potential to completely destroy the boson condensation, 
or at least they will reduce the the boson condensation by 
a finite fraction. This leads us to consider two scenarios: 

1. Single boson condensation (SBC) where (6i) — 
^/xZ < \/x, (62) = and a factor x—Xc of bosons re- 
main incoherent and separated from the condensate 
by an energy gap Af, due to the Higgs mechanism. 

2. Boson pair condensation (BPC) where (&„) = but 
{baii)bi3{j)) 7^ 0. We note that BPC is sufficient to 
generate electron pair condensation (c| (i)c| (j!)) 7^ 
0. The boson pairing will also generate an energy 
gap Af,p. 



We defer a discussion of the motivation and more detailed 
formulation of the BPC state, but remark at the point 
that we do not know a priori whether SBC or BPC is 
favored. Of course neither (6) nor {bb) is gauge invariant 
and the only real distinction between these scenarios lies 
in their experimental consequences. In particular, we will 
show that BPC implies a = 1 while SBC implies a < 1. 

The MF electron propagator is given by the product 
of the boson and the fermion propagator: 



Go(^,fe)= 2 



dvcPq 
72^ 



TrG\iy-uj,q-k)G^{iy,q) (5) 



where iG-^ — {ipip'^) and iG'^ — (66^) are 2x2 matri- 
ces. In the normal state, the boson propagator for fi- 
nite A satisfies G$i(w,fc) = G\uj,k - f A). Thus the 
MF electron propagator also shift with A as expected: 
Go,A{^,k) ~ Go{iLj,k + ^A). This is a consequence 
of the gauge symmetry. However, in the SC state, the 
bosons may condense according to scenario ^ and the 
boson propagator contains two terms. The first term, 
coming from SBC does not shift with A. This is because 
as we continuously turn on a constant A, (b) has to sat- 
isfy periodic boundary condition in a box and cannot 
be changed (unless we want to create a vortex). On the 
other hand, the second term, coming from non-condensed 
bosons, shifts with A, since the boson dispersion shifts 
with A. Thus for finite A, the boson propagator is given 
by G'^LO, k) = -*(6)(&t)5(^, k) + G^„(^, k - f A). Now 
it is clear that, in the SC state, the poles in the MF elec- 
tron propagator, coming from the product of the fermion 
propagator and the first term of the boson propagator, 
do not shift with A. (In RPA, the generation of the 
fictitious gauge field a by a finite A shifts the fermion 
dispersion by ^A where a = x as discussed earlier.) 

To obtain Eq. (|l]) we have to go beyond the MF the- 
ory. First we assume that not all bosons condense: 
(61 (i)) = ^JxZ with Xc less then the total boson den- 
sity X. The non-condensed bosons have small energies 
and momenta near k — (0, 0), (tt, tt), the two bottoms of 
the boson band. We ignore the gap Ab for simplicity and 
model ImG^„ by peaks of finite width near = and 
k = (0,0), (7r,7r). With those assumption, one can show 
that the MF electron propagator can be approximated 
by 



Go,A(t^, fe) 



{uf{k)y 



{vf{k)y 



uj - E{k) - iO+ 



E{k) - iQ+ 



{uf{k + lA)y 
~E{k 



-A) - iV 



(z;/(fc + fA))^ 
+ E{k + lA)~iT 



Gin(LU,k- 



-A) 



(6) 
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where E = yj (e^Y + 
cosfcy) + aQ^\ — 

75 V^l+?. and = 



(A/)2, £/ 
— 2J'?7(cos fc; 



-2 J'x(cOS fcj: 



COS fc,. 
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The first term 



V2\Af\ 

in Go. A comes from the SBC and does not shift with A. 
The second term comes from the peak in ImG^„ which 
shifts with A. The decay rate F comes from the finite 
peak width of ImGj„ in both uj and k direction. The last 
term is the incoherent part. 

When there is BPC, the electron will have a non- 
vanishing off-diagonal propagator. In scenario 0, SBC 
automatically generates BPC {ba{i)bp{j)) = XcSiaSip. 
This yields an off-diagonal electron propagator — i(c|C|): 



0,A 



E-iT, 



(7) 



where Xpc = Xc and F;, — > 0+. More generally, with or 
without SBC, the bosons can form pairs with size lb- We 
shall show later that, in scenario |[ the BPC is character- 
ized by {baii)bp{j)) = '^f{i~j)i6iaSi/3 + {~y-^62aS20)- 

Despite a different form of BPC, the off-diagonal electron 
propagator still takes the same form Eq. (Q) with F^ ^ , 
as long as is much larger than the lattice spacing. Note 
that Fo,A('jJ,fe) does not depend on A, since the BPC 
{bb"^) cannot depend on A. 

A second ingredient in going beyond MP theory is to 
calculate the electron propagator through a ladder dia- 
gram to include effects of pairing between the bo- 
son and the fermion cause by the SU{2) gauge fluctua- 
tions. The gauge fluctuations induce the following effec- 
tive interaction ^Vip^ri/jb^rb — Vc^c—V^tp^rbb^Tip with 
V > 0. Here we will only use the first term y(cjc| -|-cjc|) 
because an analytic calculation is possible. The more 
general interaction will not modify our results qualita- 
tively. The resulting electron propagator is given by 



t. 



Go,A(t^,fe) Fo^A(t^,fe) 
i^O,A(w, fc) -Go,A(-t^,-fc) 



(8) 



Let us assume for simplicity F = Ff, = 0+. We first 
consider scenario ^ where there are no SBC, Xc = 0. For 
A = 0, the poles of Gii(a;fc) comes in pairs of opposite 
signs, just as in BCS theory. However the total residue 
is 2(i-vG- ' significantly reduced from the BCS value. 
There are two positive branches which determine the qp 
excitations 



E^^^'ik) = 



El 



\ X 



where 
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(9) 



(10) 



and fi = ~ 4(iJyg. ) ■ In order to interpret those results, 
let us first consider the normal state which is recovered 
by setting Xpc = in Eq. (^) and Eq. ([lO|), yielding 
the normal state dispersion E^ = E±{xpc — 0). This 
corresponds to a massless Dirac cone initially centered 
at (±7r/2, ±7r/2) when V = which is the MF fermion 
spectrum of the staggered-Flux (s-Flux) phase. The ef- 
fect of V (the boson-fermion pairing) is two-fold. The 
jl inside the square-root shift the location of the node 
towards (0,0) by a distance Afc = —fl/vp while the last 
term shift the spectrum upwards. The cone intersects the 
Fermi energy to form a small Fermi pocket with linear 
dimension of order x. As shown in Fig. la, the spectral 
weight is concentrated on one side of the cone, so that 
only a segment of FS on the side close to the origin car- 
ries substantial weight. This is the origin of the notion 
of "FS segment" introduced in Ref. 
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FIG. 1. Schematic illustration of the qp dispersion (the 
pole locations of G) for (a) normal state, and SC state with 
(b) < Xpc < X and (c) Xpc — x. The line thickness indicates 
the size of residue of Gn, and dash line indicates vanishing 
residue. The momentum scan is along the straight line in (d) 
where the curved segment is the FS segment in the normal 
state. 



Now let us see what happens in the SC state when 
Xpc 7^ 0. Eq. (^) takes the standard BCS form if E± 
is interpreted as the normal state dispersion. However, 
E± differs from the normal state spectrum ES by the 
appearance of the term —{xpcA/x)^ in Eq. (pX)|). Close 
to the node this term is small so that qualitatively the 
spectrum develops from the normal state in a BCS fash- 
ion, as shown in Fig. lb. This is particularly true if the 
higher energy gap between the two branches is smeared 
by lifetime effects. Thus we see that the "FS segment" 
is gapped in a BCS-like fashion. However, the velocity 
V2 in the (1,-1) direction, being proportional to Xpc/x, 
does not extrapolate to the gap at (0, tt) (which is es- 
sentially independent of Xpc), but cross-over to it at the 
edge of the FS segment. It is worth remarking that in the 
special e'^'^^ reduces to the standard BCS 

form with the normal state dispersion e{k), a chemical 
potential 2ji and a SC gap A(fe). The high energy gap 
closes and spectral weight on one branch vanishes, yield- 
ing a BCS spectrum as shown in Fig. Ic. It is easy to see 
that Eq. (||) is proportional to the BCS Green function 
in this special case. 



3 



We have also calculated the effect of constant A on 
the qp dispersion, to linear order of A. This adds a term 
\3± ■ A to Eq. (^) where 2± is interpreted as the current 
carried by the qp. We recall that in standard BCS theory, 
the current is given in term of the normal state spectrum 
by cOa^a = edk£ because eA{k) = e{k + ^A). Remark- 
ably this is almost true in our case in the sense that jj. 
is given by cdAE±,A, where E±^a is obtained by replac- 
ing k hy k + ^A in fi and A everywhere in Eq. ( [lO| ) 

except for the term (^A)^, which is kept independent 
of A. Near the node, A is negligible so that the current 
is very close to edkE ~ edkE^ (which becomes exactly 
edkS along the diagonal), thus reproducing Eq. (|^). We 
have checked numerically that even away from the node 
in the region of the "FS segment" , the current is remark- 
ably close to edkE^ , which can be quite different from 
the BCS value edke near the edge of the FS segment. 

Next we briefly comment on what happens under sce- 
nario I. The main difference is that the current carried 
by qp is no longer equal to evp, but reduce from it de- 
pending on Xc- It is clear that in the extreme case of 
X ~ Xc — Gin = 0, Go A and Fqa, and hence Ga do not 
depend on A, so that j = 0. As Xc varies from x to 0, 
a interpolates between and 1. (Note Vp is defined as 
the normal state Fermi velocity in the (1,1) direction, 
vp = dkE^ . It is also exactly equal to the qp velocity 
in the (1,1) direction at the SC nodes.) Due to strong 
quantum fluctuations of bosons, of order x and 

hence a is order unity. The main question is whether 
a is exactly 1. According to our model, whether a = 1 
depends on whether there is a SBC. Thus it is very in- 
teresting and important to determine a experimentally. 

From Eq. (^) , the temperature dependence of the Lon- 
don penetration depth gives a direct measurement of 

^ . Density of states measurements using the co- 
efficient of the specific heat yields vfV2- The Fermi ve- 
locity can be estimated from transport measurements 
or high resolution photoemission experiment. Thus in 
principle the quantities a, vp and V2 can be measured. 
It is of course of great interest to establish how close a 
is to 1, or whether V2 is reduced with respect to that 
extrapolated from the energy gap at (0, tt) measured by 
photoemission or tunneling. 

We may regard a = 1 as a signature of spin-charge 
recombination, ie the boson and fermion binds (through 
the ladder diagram) into an electron which responds fully 
to A. We have so far focussed our discussion to low en- 
ergy excitations near the nodes. At higher energy away 
from the Fermi surface, the binding may become unim- 
portant and the electron spectrum is given by the convo- 
lution of the fermion and boson spectrum. In the BPC 
state, an energy gap A^p arises in the boson spectrum, 
which should lead to a shift of the electron spectral func- 
tion in the SC state relative to the normal state by the 
energy Ai,p towards higher binding energy. 



Finally we comment on finite temperature behaviors. 
In addition to the reduction of superfluid density due 
to thermal excitation of qp, |^ we expect Xpc to de- 
crease with increasing T, leading to a reduction of V2'. 
V2(T) = ^^^^2(0). As T reaches T„ Xp, = V2 = 

and the nodes of E^^'^^ become the "FS segment" while 
the spin gap near (0, tt) remain finite. We see that Xpc 
plays the role of the order parameter of the transition, so 
that the temperature dependence of Xpc is described by 
a Ginzburg-Landau theory near the transition. 

We complete our discussion by giving a more micro- 
scopic motivation for the notion of BPC. It was pointed 
out recently that one way of capturing the physics 
of strong boson fluctuation is to attach flux tube of op- 
posite sign to bi and 62 (in s-Flux gauge), converting 
them to fermions. This has the advantage that at the 
MF level, time reversal symmetry is not broken. In the 
s-Flux gauge, the massless gauge field is simply a U{1) 
gauge field which couple to 61 and 62 with opposite gauge 
charge. This problem was treated by Bonesteel et al |Tl| ] 
who found that there is a instability towards boson pair- 
ing with (6162) 7^ 0. Thus it is natural to assume that, 
in the s-Flux gauge, only (61 (2)62 (j)) is non-zero in the 
BPC. After transformed to the d-wave gauge, {blF) be- 
comes the one that we used below Eq. (|^). We expect 
the energy gap A^p to scale with the effective "Fermi" 
energy, ie x. 

In summary we develop a theory for quasiparticles in 
the high Tc superconducting state. Our theory repro- 
duces both small superfluid density Ps x and large 
a ~ 1, as required by experiments. 
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